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LINKS, BRIDGE NUMBER, AND WIDTH TREES
QIDONG HE AND SCOTT A. TAYLOR
Abstract. To each link L in S3 we associate a collection of certain labelled directed trees, called
width trees. We interpret some classical and new topological link invariants in terms of these
width trees and show how the geometric structure of the width trees can bound the values of these
invariants from below. We also show that each width tree is associated with a knot in S3 and that
if it also meets a high enough “distance threshold” it is, up to a certain equivalence, the unique
width tree realizing the invariants.
1. Introduction
The classical knot invariants of bridge number b and Gabai width wG, as well as newer invariants
due to Taylor–Tomova, can be interpreted in terms of the combinatorial structure of certain labelled
directed graphs we call “width trees.” See Figure 1 for an example of a width tree. Deferring some
definitions and stating our results informally, we prove the following:
• Associated to each even tangle (M, τ), including each knot and link in the 3–sphere S3, are
collections of width trees T(M, τ) and T2(M, τ) ⊂ T(M, τ). Bridge number, Gabai width,
and Taylor-Tomova’s invariants can be computed by minimizing over elements of T2(M, τ)
(Section 2.3);
• The width trees in T2(M, τ) determine whether or not (M, τ) is a split or composite tangle
and can also reflect the existence of essential Conway spheres (Theorem 3.1);
• The geometry of the width trees in T(M, τ) bounds bridge number, width, and their differ-
ence, from below (Theorem 4.2 and Corollary 4.8);
• Every positive, productless width tree lies in T2(M, τ) for some even tangle (M, τ) (Theorem
5.1);
• If the width tree is also equipped with a “distance threshold,” and if the distance threshold
is large enough, then there is a unique (up to equivalence) width tree realizing both bridge
number and width (Theorem 6.2);
• Consequently, the lower bound we exhibit for bridge number is sharp (Corollary 6.3).
We will explain each of the terms subsequently, but we start by reviewing the classical invariants of
bridge number and Gabai width. The perspective we bring to them is then generalized to produce
our width trees. Our work is influenced by and based heavily on the work of Hayashi–Shimolawa
[10], Tomova [32], Blair–Tomova [3], Blair–Zupan [4], and Taylor–Tomova [27,28] and is essentially
a graph theoretic reformulation of the generalized bridge positions studied by those authors. It
is also intended to further justify the view that Taylor and Tomova’s invariants “net extent” and
“width” are useful extensions of the classical invariants “bridge number” and “Gabai width.”
Suppose that L ⊂ S3 is a link. A height function for L is a smooth function h : S3 → I (where
I = [−1,+1] ⊂ R) such that h has exactly two critical points, with critical values ±1, and h|L is
Morse with critical points at distinct heights, none of which are at ±1.A bridge position for L is a
height function h : S3 → I such that all minima are below all maxima. The bridge number b(h)
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of a bridge position h is defined to be the number of maxima. The bridge number b(L) of L is the
minimum bridge number across all bridge positions for L. Schubert [25] proved that bridge number
detects the unknot and that b− 1 is additive under connected sum.
Observe that if h is a bridge position and if t is a regular value of h|L separating the heights of the
minima from the heights of the maxima, then H = h−1(t) is a sphere transverse to L such that
|H ∩L|/2 = b(h). The sphere H separates S3 into two 3-balls, each containing b(h) arcs. The link
L intersects each 3-ball in arcs that are isotopic, relative to their endpoints, into H; that is each
3-ball along with the arcs it contains is a trivial tangle. Any sphere separating (S3, L) into two
trivial tangles is called a bridge sphere; the arcs on either side are bridge arcs. Given a bridge sphere
H, it is possible to construct a bridge position h such that b(h) = |H ∩ L|/2. In summary, the
bridge number of a link can be calculated either by minimizing across certain height functions or
by minimizing across bridge spheres. Each bridge sphere H will correspond to a width tree having
a single vertex. The label on the vertex will be |H ∩ L|/2− 1. In general, for any compact surface
S transverse to a 1–manifold L, we define the extent of S to be extent(S) = (−χ(S) + |S ∩ L|)/2.
(The Euler characteristic of S is χ(S).)
Here is another way to calculate bridge number. Let h : S3 → I be any height function for L. Let
t0 < t1 < · · · < tn be regular values of h|L such that:
• There is at least one critical value of h|L below t0 and all such critical values correspond
only to minima;
• There is at least one critical value of h|L above tn and all such critical values correspond to
maxima;
• For each i ∈ {0, . . . , n− 1}, there is at least one critical value of h|L in (ti, ti+1) and either
all critical values in the interval correspond to minima or all critical values in the interval
correspond to maxima.
For each i, h−1(ti) is a sphere transverse to L. These spheres come equipped with a transverse
orientation arising from the standard orientation of I. The tangles consisting of h−1([−1, t0])
and h−1([tn, 1]) and their intersections with L are trivial tangles. For i < n, the submanifolds
h−1([ti, ti+1]) are homeomorphic to S
2× I. According to the definitions we give subsequently, their
intersections with L are also trivial tangles. If i is even, then the sphere h−1(ti) is a thick sphere;
if i is odd, it is a thin sphere. Let H+ be the union of the thick spheres and H− the union of the
thin spheres. Let H = H+ ∪H−. We must have H+ 6= ∅. The height function is a bridge position
if and only if H− is empty. Thick spheres have bridge arcs and vertical arcs (i.e. arcs isotopic to
I-fibers in S2 × I) incident to them, while thin spheres have only vertical arcs incident to them.
Once we define “width tree,” it will be evident that the spheres H also give rise to a width tree;
in this case a directed path. Each thick sphere is a vertex and there is a directed edge between
two thick spheres if their heights are adjacent to the height of a thin sphere separating them. The
direction on the edge is induced by the transverse orientation of the thin sphere. The labels on the
vertices and edges are the extents of the corresponding spheres.
The surface H is an example of a multiple bridge surface for (S3, L); the definition is due to
Hayashi-Shimokawa [10] and is given subsequently. Indeed, adapting [28], we generalize it further
tomultiple c-bridge surfaces. In the example at hand, all of the thick and thin spheres are concentric.
In general, the thick and thin spheres of a multiple c-bridge surface need not be. The net extent of
H (equivalently, of the associated width tree) is defined to be
netextent(H) = extent(H+)− extent(H−) =
∑
H⊏H+
extent(H)−
∑
F⊏H−
extent(F )
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The notation ⊏ means “is a connected component of”; so the first sum is over all thick spheres
and the second over all thin spheres. A pleasant exercise is to show that the bridge number b(L) is
also equal to the minimum of netextent(H), where the minimum is taken over all height functions
h for L, not just bridge positions. In Lemma 2.11 below, we give a proof (due to Taylor-Tomova)
that b(L) can be calculated by minimizing the net extent of all width trees associated to (S3, L).
From our height function h, we can define another classical invariant: Gabai width [8]. Our
definition is due to Scharlemann-Schultens [22]. Given a height function h : S3 → I for L, the
Gabai width of h is
2
( ∑
H⊏H+
(|H ∩ L|/2)2 −
∑
F⊏H−
(|F ∩ L|/2)2
)
.
The Gabai width wg(L) of the link is the minimum of this width over all height function h : S
3 → I
for L. Gabai showed that if H achieves the minimum, then the thick spheres (i.e. components of
H+) have topological significance for L. Thompson [30] showed that at least one thin sphere does
as well. As with bridge number, Gabai width detects the unknot. For some time, it was an open
question as to whether or not Gabai width is additive under connect sum; Blair and Tomova [3]
showed it is not. It was also an open question as to whether or not every thin sphere has topological
significance for L; Blair and Zupan [4] showed they need not have topological significance.
Recently, Taylor and Tomova [27,28] made small changes to the definition of Gabai width. These
changes include normalizing the puncture count by the Euler characteristic of the sphere and
relaxing the condition that the thick and thin spheres need to be concentric. After those changes,
both thick and thin surfaces have topological significance, width still detects the unknot, and,
rather surprisingly, width is now additive under connected sum. Their definition also applies to
spatial graphs in (nearly) arbitrary 3-manifolds and to thick and thin surfaces of nonzero genus.
The purpose of this paper is to provide a combinatorial reinterpretation of the simplest version of
their invariants. This perspective sheds additional insight on the nature of those invariants and
their relationship to the classical invariants. It may also ultimately help explain the nonadditivity
of Gabai width as being related to the tree structure of the width trees of factors of a composite
knot.
Acknowledgments. We are exceptionally grateful to Charles Parham for valuable conversation,
insightful observations, and penetrating questions regarding this project. This work was partially
funded by research grants from Colby College.
2. Definitions, ditrees, and multiple c-bridge surfaces
2.1. Width trees and their invariants. Figure 1 gives an example of a width tree. Figure 3
shows a schematic diagram for a tangle decomposition associated to the width tree of Figure 1.
Definition 2.1. A directed graph whose underlying undirected graph is a tree is a ditree. A path
is a ditree that, ignoring directions on edges, is either a single vertex or has exactly two valence
one vertices. A coherent path is a path such that every valence two vertex in the path is the
head of one edge and the tail of another. For a given ditree T choose a subset of degree one
vertices to be considered as boundary vertices. (The subset may be empty, and not all leaves of
T need be boundary vertices.) Suppose that λ is a function from the vertices and edges of T to
{x ∈ Z : x ≥ −1}. The pair (T, λ) is a width tree if the following hold:
(1) If v is a boundary vertex with incident edge e, then λ(v) = λ(e), and
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Figure 1. An example of a width tree with no boundary vertices.
(2) For each vertex v, λ(v) is at least the sum of the nonnegative labels on the incoming edges
to v and is also at least the sum of the nonnegative labels on the outgoing edges from v.
We call λ a label function. It is nonnegative (resp. positive) if all values of λ are nonnegative (resp.
positive). Two width trees (T, λ) and (T ′, λ′) are equivalent if there is a label-preserving graph
isomorphism from T ′ to T which either preserves or reverses all orientations on edges. If λ and
λ′ are label functions, writing λ ≥ λ′ means that for every vertex and edge x, λ(x) ≥ λ′(x). In
particular a width tree (T, λ) is positive if λ ≥ 1.
Inspired by the knot invariants “net extent” and “width” in [27] and “trunk” in [19], we define the
following invariants of width trees. As in [7], there are many other possibilities, but we focus on
these.
Definition 2.2. Suppose that (T, λ) is a width tree with edge set E and vertex set V . The net
extent is
netextent(T, λ) =
∑
v∈V
λ(v)−
∑
e∈E
λ(e).
The width is
w(T, λ) = 2
(∑
v∈V
λ(v)2 −
∑
e∈E
λ(e)2
)
= 2netextent(T, λ2) = netextent(T, 2λ2).
The trunk of a width tree (T, λ) is the maximum of λ(v) over all vertices v of T .
Despite the connection between these invariants of width trees and link invariants, width trees
in general are not particularly useful in illuminating the topology of a link. To rectify this, we
introduce some additional structure. Its usefulness will become clear in subsequent sections.
Definition 2.3. Suppose that (T, λ) is a width tree. An edge e of T with an endpoint at a
nonboundary vertex v is a product edge at v if it is either the sole incoming edge to v or the sole
outgoing edge to v and if λ(e) = λ(v). The width tree (T, λ) is productless if it has no product
edges. A distance threshold for (T, λ) is a fixed nonnegative integer δ = δ(T, λ). A nonnegative,
productless width tree with distance threshold δ ≥ 2 is called a slim width tree.
2.2. Nearly standard definitions. The 3-ball is denoted B3; the n-sphere Sn. We let I = [−1, 1].
All surfaces in this paper are orientable. A tangle (M, τ) (for our purposes) consists of a properly
embedded 1–manifold τ in a 3-manifold M that is the result of removing a finite number (possibly
zero) of open 3-balls from S3. If S ⊂ M is a properly embedded surface transverse to τ , we write
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S ⊂ (M, τ). The punctures of S are the points S ∩ τ . We let (M, τ) \ S denote the result of
cutting both M and τ open along S. Similarly, we let M \ τ denote the result of removing an open
regular neighborhood of τ from M . If M ′ is a component of M \ S and if τ ′ = τ ∩M ′, we write
(M ′, τ ′) ⊏ (M, τ) \ S.
Suppose S, S′ ⊂ (M, τ) are either surfaces in a tangle or the boundary of the tangle. We say that
they are isotopic or τ -parallel if there is an isotopy inM of S to S′ such that at all times during the
isotopy the surface is transverse to τ . A curve in S is inessential if it is either isotopic in S \ τ to a
component of ∂S (i.e. is ∂-parallel) or if it bounds an unpunctured or once-punctured disc in S; it is
essential otherwise. An unpunctured or once-punctured disc properly embedded in (M, τ) \S with
boundary in S is an sc-disc if it is not τ -parallel to a disc in S, relative to its boundary. An sc-dic
D is a c-disc if ∂D is essential in S. An unpunctured c-disc is a compressing disc; a once-punctured
c-disc is a cut disc. If D is an sc-disc that is not a c-disc, then D is a semi-compressing disc if it is
unpunctured and a semi-cut disc if it is once-punctured.
A surface S ⊂ (M, τ) is ∂-parallel if it is parallel in M \ τ to ∂(M \ τ). When M 6= S3, being
∂-parallel is a more general condition than being τ -parallel to a component of ∂M . A surface
S ⊂ (M, τ) is essential (resp. c-essential) if it is it is incompressible (resp. c-incompressible),
not ∂-parallel, not an unpunctured 2-sphere bounding a 3-ball in M disjoint from τ , and not a
twice-punctured 2-sphere bounding a ball in M whose intersection with τ is a single arc isotopic,
relative to its endpoints, into S.
A tangle (M, τ) is an elementary ball tangle if M is homeomorphic to B3 and if τ is either empty
or is a single arc isotopic relative to its endpoints into ∂M . It is a product tangle if (M, τ) is
homeomorphic to (S2 × I, (points) × I). The tangle (M, τ) is even if every component of ∂M has
an even number of punctures. The tangle (M, τ) is split if it contains an essential unpunctured
sphere. The tangle (M, τ) is irreducible if it is not split and does not contain a once-punctured
2-sphere. Notice that an even, nonsplit tangle such that every component of ∂M has at least 2
punctures is necessarily irreducible. The tangle (M, τ) is composite if it is not an elementary ball
tangle and if (M, τ) contains an essential twice-punctured 2-sphere. The tangle (M, τ) is prime if
it is neither composite nor an elementary ball tangle. A prime tangle is necessarily nonsplit, since
otherwise, we could tube an inessential twice-punctured sphere to an essential unpunctured sphere
to create an essential twice-punctured sphere.
2.3. Multiple c-bridge surfaces. We turn now to the topological objects associated to width
trees. There is a long intellectual history giving rise to these constructions. Gabai [8] gave the
first definition of “thin position” for knots in S3 using height functions as we described previously.
Scharlemann-Thompson [24] reinterpreted the idea for 3-manifolds. A number of authors, then at-
tempted, with varying degrees of success, to merge the definitions. Most notably, Heath-Kobayashi
[12] showed that from a height function minimizing Gabai width it is possible to construct a tangle
decomposition of L by essential spheres that are closely related to the thick and thin spheres, but
are not necessarily concentric. Hayashi-Shimokawa [10] developed this, constructing tangle decom-
positions by not necessarily concentric thick and thin spheres with useful properties. From Hayashi
and Shimokawa’s tangle decomposition it is possible to construct an associated height function
on (S3, L) not to R but to a tree. Tomova [32] began the extension of Hayashi and Shimokawa’s
work to make use of cut-discs. Recently, Taylor-Tomova [28] gave a thorough treatment applicable
in a wide variety of contexts. In [27], they adapted Gabai width to these contexts and showed
that it becomes additive under connected sum. Indeed, they defined two families of link invariants
for a link L: netextentx(L) and wx(L) where x ≥ −2 is an even integer that parameterizes the
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families and is a certain measure of Euler characteristic. When x = −2, these invariants are nat-
urally associated to tangle decompositions of L (since χ(S2) = 2); for x > −2, they are naturally
associated to decompositions of (S3, L) by surfaces of possibly higher genus. We do not consider
those decompositions in this paper; though this paper can be considered as additional evidence
that those higher genus invariants are appropriate analogues of bridge number. These definitions
are due to Taylor-Tomova [27], relying heavily on [32] and [10]. Our c-trivial tangles are examples
of the vp-compressionbodies in [28]. See Figure 2 for an example.
Definition 2.4. Suppose that (C, τC) is a tangle such that ∂C 6= ∅ and with one component
of ∂C designated as ∂+C (and called the positive boundary) and the union of other components
designated as ∂−C (and called the negative boundary). The tangle (C, τC) is a c-trivial tangle if
there is a (possibly empty) collection ∆ of pairwise disjoint sc-discs for ∂+C such that the result
(C, τC) \∆ of ∂-reducing (C, τC) using ∆ is the disjoint union of product tangles and elementary
ball tangles, each with their positive boundary inherited from that of C. If it is possible to choose
∆ so that it contains only compressing discs and semicompressing discs, then (C, τC) is a trivial
tangle. Two c-trivial tangles are equivalent if there is a homeomorphism of pairs taking one to the
other and preserving the positive boundaries.
∂+C
Figure 2. An example of a c-trivial tangle (C, τC) with two bridge arcs, four ghost
arcs, and fourteen vertical arcs. A cut disc for ∂+C is shown in blue.
If (C, τC) is a c-trivial tangle, then the components of τC can be categorized into three types.
There are vertical arcs, which are the components having one endpoint on ∂+C and one endpoint
on ∂−C; the bridge arcs, which are the components having both endpoints on ∂+C; and the ghost
arcs, which are the components having both endpoints on ∂−C. We will have occasion to use the
ghost arc graph of a c-trivial tangle. This is the graph whose vertices are the components of ∂−C
and whose edges are the ghost arcs. In our setting, since ∂+C is a sphere, each component of
the ghost arc graph is a tree. A c-trivial tangle is irreducible if and only if its negative boundary
contains no unpunctured or once-punctured sphere. In that case, there are no semi-compressing
discs that are not compressing discs. Similarly, a c-trivial tangle that is not an elementary ball
tangle is prime and irreducible if and only if no negative boundary component is a sphere with two
or fewer punctures. In this case, there are no semi c-discs that are not c-discs.
Definition 2.5. Suppose that (Ci, τi) is a c-trivial tangle for i = 1, 2 and that |∂+C1 ∩ τ1| =
|∂+C2∩τ2|. Let (M, τ) be a tangle that results from gluing (C1, τ1) to (C2, τ2) via a homeomorphism
of ∂+C1 to ∂+C2 taking punctures to punctures. Let S be the image of ∂+C1 (equivalently ∂+C2)
in (M, τ). We say that S is a c-bridge surface for (M, τ). If S has a transverse orientation it is an
oriented c-bridge surface. If both (C1, τ1) and (C2, τ2) are trivial tangles then S is an (oriented)
bridge surface.
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A multiple c-bridge surface H = H+ ∪ H− for a tangle (M, τ) is the union of pairwise disjoint
spheres in (M, τ) such that the following hold:
(1) Each component of H lies in precisely one of H+ or H−,
(2) Each component of (M, τ) \ H is a c-trivial tangle,
(3) H+ is the union of the positive boundary components of the components of (M, τ) \H and
∂M ∪H− is the union of the negative boundary components.
Furthermore, ifH has a transverse orientation such that for each c-trivial tangle (C, τC) of (M, τ)\H,
if the transverse orientation on ∂+C points into C then the transverse orientation on each component
of ∂−C points out of C and vice versa, then H is an oriented multiple c-bridge surface. The
components of H− are thin surfaces and the components of H+ are thick surfaces. For a given
tangle (M, τ), we let H(M, τ) denote the set of oriented multiple c-bridge surfaces up to isotopy
transverse to τ . See Figure 3 for an example of a multiple c-bridge surface.
Remark 2.6. Without the presence of ghost arcs, the resulting multiple c-bridge surface is the
“multiple Heegaard splitting” of [10]. In our setting we will refer to this as a multiple bridge surface.
The corresponding dual trees were used in [7] to relate computational properties of knot diagrams to
the topological structure of knots. Our width trees are essentially the fork complexes of [23] applied
to multiple c-bridge surfaces rather than Heegaard splittings of 3-manifolds. We are indebted to
the authors of that book for the idea of associating a directed graph to a multiple c-bridge surface.
Figure 3. An example of a multiple c-bridge surface H+ is in green. The spheres
of H+ are shown in thick green and the spheres of H− are shown in thin green.
Braids should be placed into each of the boxes to obtain a knot or link L such that
H ∈ H(M,L) after orienting H. There is a single ghost arc in L \ H.
From an oriented multiple c-bridge surface H for a tangle or link (M, τ) we can construct an
associated width tree. There is an orientation on the multiple c-bridge surface H in Figure 3 so
that the width tree in Figure 1 is associated to it. When M = S3, the width tree is essentially
the dual tree to the surface H−, with edges oriented according to the orientations on H−. More
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precisely, we do the following: Take a vertex for each component of H+ ∪ ∂M , with the vertices
corresponding to the components of ∂M being the boundary vertices of T . The label λ on each
vertex is defined to be the extent of the corresponding sphere. Suppose that (Ci, τi) ⊏ (M, τ) \ H
for i = 1, 2 are two c-trivial tangles incident along a component F ⊏ (H−∩∂−C1∩∂−C2). Join the
vertices ∂+C1 and ∂+C2 by an edge with orientation corresponding to the orientation on F . Finally,
if F ⊏ ∂M and F ⊏ ∂−C for a c-trivial tangle (C1, τ1), then join the vertex of T corresponding to
F to the vertex corresponding to ∂+C by an edge with orientation induced by the orientation of
∂+C.
Definition 2.7. A width tree is associated to H ∈ H(M, τ) if it is constructed in this way. We say
that a width tree is associated to a tangle (M, τ) if there exists H ∈ H(M, τ) such that the width
tree is associated to H. For a tangle or link (M, τ) we let T(M, τ) be the set of all width trees
associated to (M, τ).
We now turn to creating tangle invariants, beginning with invariants of multiple c-bridge surfaces.
Definition 2.8. Suppose that H ∈ H(M, τ) is associated with a width tree (T, λ) with (M, τ) an
even tangle. Define
netextent(H) = netextent(T, λ) =
∑
H⊏H+
extent(H)−
∑
F⊏H−
extent(F )
and
w(H) = w(T, λ) =
∑
H⊏H+
extent(H)2 −
∑
F⊏H−
extent(F )2.
Also define
trunk(H) = trunk(T, λ) = max{extent(H) : H ⊏ H+}
Definition 2.9. Suppose that (M, τ) is an even tangle. The bridge number of (M, τ) is the
minimum of {1 + extent(H)} over all bridge spheres H for (M, τ). Define netextent−2(M, τ),
w−2(M, τ), and trunk(M, τ) to be the minima of netextent(H), w(H), and trunk(H) over all H ∈
H(M, τ). Define the bridge width wb(M, τ) to be the minimum of w(H) over all H ∈ H(M, τ) such
that netextent(H) = netextent(M, τ).
Remark 2.10. The invariants netextent−2(M, τ) and w−2(M, τ) are due to Taylor–Tomova [27].
They define the invariants for knots, links, spatial graphs, or 1–manifolds more generally, in most
any 3–manifold. The subscripted −2 refers to the fact that we are considering only multiple c-bridge
surfaces consisting of spheres. Much of what we do could be generalized beyond that context. If
M = S3 and τ is a link, then Gabai’s width wG(M, τ) is obtained by taking the minimum over all
(T, λ) ∈ T(M, τ) such that T is a coherent path of the quantity
w(T, λ) + 4netextent(T, λ)− 2.
Similarly, Ozawa’s trunk [19] and Blair–Zupan’s bridge width [4] can be defined as certain minima
over (T, λ) ∈ T(M, τ) such that T is a coherent path.
For links, it turns out that the invariant netextent−2 coincides with one less than bridge number
(thus, justifying the terminology “bridge width” above). The following is from the forthcoming
paper [29] of Taylor and Tomova. Since it has not yet appeared, we provide a sketch of the proof
for those familiar with the amalgamation of Heegaard splittings [26]. (See also [21, Theorem 4.1]
for a similar result using similar methods.)
Theorem 2.11. Suppose that a link L ⊂ S3 is associated to a width tree (T, λ). Then there exists
a bridge sphere H for L such that |H ∩ L|/2 − 1 = netextent(T, λ). In particular, b(L) − 1 is
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the minimum of netextent(T, λ) over any set of width trees (T, λ) associated to L that includes all
associated width trees having a single vertex.
Proof. Suppose (M, τ) is a tangle with transversally oriented c-bridge surfaceH dividing (M, τ) into
c-trivial tangles (C1, τ1) below H and (C2, τ2) above H. We may view (M, τ) as being constructed
from ∂−C1 by attaching 1-handles (possibly containing subarcs of τ as their cores) to ∂−C1×{1} ⊂
∂−C1×I and then 2-handles (possibly containing subarcs of τ as cocores) and then 3-handles (each
containing up to one subarc of τ that is ∂-parallel) and product tangles. Suppose that (M ′, τ ′) is
another such tangle and that H ′ is a transversally oriented c-bridge surface for (M ′, τ ′) dividing it
into (C ′1, τ
′
1) and (C
′
2, τ
′
2) with (C
′
1, τ
′
1) below H
′. Suppose also that ∂−C
′
1 = ∅ and that F = ∂−C
′
2
is connected and is also a component of ∂−C1. Since F = ∂−C
′
2 is connected, τ
′
2 does not contain
any ghost arcs. We may reduce (C ′2, τ
′
2) along a collection ∆ of compressing discs (no cut-discs) to
arrive at another copy W of F × I. The remnants of these compressing discs are unpunctured discs
in ∂W . Since those discs are unpunctured, we may extend the attaching regions of the 1-handles in
C2 that lie on F ×{1} ⊂ C2 vertically through C1∪W to lie on F ×{1} ⊂ C1 as unpunctured discs.
It follows that we may construct a c-bridge surface J for (M ∪M ′, τ ∪ τ ′), called the amalgamation
of H and H ′ along F , with extent(J) = extent(H1) + extent(H2)− extent(F ).
Now if (T, λ) is associated to a multiple c-bridge surface H for L, we choose some edge e of T
incident to a leaf of T . Let F be the associated thin surface to e and H ′ and H ′′ the thick surfaces
associated to the endpoints of e. We may amalgamate along F to produce a new multiple c-bridge
surface for L having one less thick surface and one less thin surface. The effect on the associated
width tree is to remove an edge and vertex (and change the labelling). Repeating this eventually
produces a width tree with no edges but with the same netextent as H. This width tree is associated
to a c-bridge surface H for L with extent(H) = netextent(H). Since every c-bridge sphere for a
link in S3 is also a bridge sphere, the result follows. 
The invariants we have introduced for width trees are related to each other. The proof of the next
lemma involves a combinatorial version of amalgamation.
Lemma 2.12. Suppose that (T, λ) is a non-negative width tree. Then
2 trunk(T, λ)2 ≤ w(T, λ) ≤ 2 netextent(T, λ)2.
Proof. Let T0 = T and λ0 = λ
′
0 = λ. If Ti has an edge, construct Ti+1 by choosing a leaf u of Ti with
incident edge f and remove both u and f from Ti. Suppose that the other endpoint of f is at a vertex
w of Ti. Let λi+1 and λ
′
i+1 coincide with λi and λ
′
i (respectively) on all vertices and edges of Ti+1
except w. Let λi+1(w) be the maximum of λi(w) and λi(u). Let λ
′
i+1(w) = λ
′
i(u)+λ
′
i(w)−λ
′
i(f). We
thus arrive at a sequence of trees T0, . . . , Tn with Tn a single vertex t. For each i, (Ti, λi) and (Ti, λ
′
i)
are width trees. Since Tn = t, w(Tn, λn) = 2λn(t)
2, w(Tn, λ
′
n) = 2λ
′
n(t)
2, netextent(Tn, λn) = λn(t),
and w(Tn, λ
′
n) = 2λ
′
n(t)
2. Our desired inequalities hold by induction. 
Despite the connection with link invariants, width trees in full generality do not capture much of
the topology of a link. The next section aims to rectify that.
3. Slim Width Trees
In this section, we define a subset T2(M, τ) of T(M, τ) and reinterpret recent work of Taylor–
Tomova to show the following theorem. The elements of T2(M, τ) are called slim width trees. The
first part of the theorem is proved as Proposition 3.8 and the second as Proposition 3.9.
9
Theorem 3.1. Suppose that (M, τ) is an even tangle such that τ 6= ∅, each component of ∂M is
c-incompressible and has at least 4 punctures, and (M, τ) is not a product tangle. Then T2(M, τ)
is nonempty and the following hold:
(1) There exists (T, λ) ∈ T2(M, τ) such that netextent(T, λ) = netextent−2(M, τ) and w(T, λ) =
wb(M, τ).
(2) There exists (T, λ) ∈ T2(M, τ) such that w(T, λ) = w−2(M, τ).
(3) For each (T, λ) ∈ T2(M, τ), there is an edge e of T such that λ(e) = −2 if and only if
(M, τ) contains an essential unpunctured sphere.
(4) For each (T, λ) ∈ T2(M, τ), there is an edge e of T such that λ(e) = 0 if and only if (M, τ)
is composite.
(5) For each (T, λ) ∈ T2(M, τ), if there is an edge e of T such that λ(e) = 1, then (M, τ)
contains an essential Conway sphere or a component of ∂M is a 4-punctured sphere.
Remark 3.2. Although the set T2(M, τ) is most always defined, it is not always particularly
interesting. For instance, if a link L is mp-small (i.e. has no essential meridional planar surfaces),
then any associated slim width tree (T, λ) consists of a single vertex v with λ(v) = b(L) − 1.
However, for links that are not mp-small, we believe that slim width trees will prove to be a helpful
way of encapsulating certain topological structure. For example, the failure of Gabai width to be
additive under connected sum [3] or to have all thin spheres essential [4] may be due to the fact
that the associated slim width trees need not be paths. The examples of Blair-Tomova [3] (see also
[27, Section 6]) and Blair-Zupan [4] are illuminating this regard. Both sets of examples depend on
the construction of a certain knot such that there are associated slim width trees (T, λ) that are
not coherent paths.
The following definitions will be used in subsequent sections as well. They are inspired by work of
Hempel [13] on Heegaard splittings of 3-manifolds and the many subsequent papers inspired by it.
By [9] this distance is well-defined.
Definition 3.3. Suppose that H is a sphere with p ≥ 4 punctures and that γ, γ′ are two (not
necessarily disjoint) essential simple closed curves on H. We say that d(γ, γ′) = n if n ≥ 0 is the
smallest number such that there exists a sequence of essential simple closed curves
γ0, γ1, . . . , γn
with γ0 isotopic to γ, γn isotopic to γ
′ and such that γi and γi+1 (for i ∈ {0, . . . , n−1}) are disjoint
if p > 4 and intersect minimally exactly twice if p = 4. If γ, γ′ are inessential curves in H, we say
that d(γ, γ′) = 0 if they are isotopic and d(γ, γ′) = 1 otherwise (i.e. they are not isotopic but can
be isotoped to be disjoint).
Definition 3.4. Suppose that (M, τ) is an even tangle such that each component of ∂M has at
least four punctures. Let H ∈ H(M, τ) and H ⊏ H+. If |H ∩ τ | ≥ 4, we define the sc-disc distance
dsc(H) of H to be the minimal n ≥ 0 such that there are sc-discs A and B for H in M \ H on
opposite sides of H such that d(∂A, ∂B) = n. If there are no such discs or if |H ∩ τ | ≤ 2, we declare
dsc(H) =∞.
Definition 3.5. If (T, λ, δ) is a width tree with distance threshold and if (T, λ) is associated to
H ∈ H(M, τ), we say that (T, λ, δ) is associated to H if dsc(H) ≥ δ for every component H ⊏ H
+.
If δ ≥ 2 and (T, λ) is productless, we say that (T, λ, δ) is slim. For a tangle or link (M, τ), we let
T2(M, τ) denote the set of slim width trees (T, λ) associated to (M, τ).
Taylor and Tomova [28] defined a partial order denoted → and called thins to on H(M, τ). A
minimal element under this partial order is said to be locally thin. The first statement of the
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next theorem is a more specific version of [28, Theorem 6.17]. The second statement concerning
netextent and w is an application of [27, Corollary 3.3].
Theorem 3.6 (Taylor-Tomova). Let (M, τ) be a tangle containing no once-punctured spheres.
Assume that no component of ∂M is a sphere intersecting τ two or fewer times. Then for every
J ∈ H(M, τ), there exists a locally thin H ∈ H(M, τ) such that J → H. The invariants netextent
and w are non-increasing under →.
Definition 3.7. Suppose that H ∈ H(M, τ). We say that H is perturbed if there exists H ⊏ H+
such that the following holds. There exist bridge arcs τ1, τ2 ⊏ τ \H with endpoints on H such that
there are disks D1 and D2 with interior disjoint from H ∪ τ and with ∂Di the union of τi and an
arc on H and those arcs share an endpoint and are otherwise disjoint. H is sc-strongly irreducible
if no two sc-discs for H ⊏ H+ in M \ H− and on opposite sides of H have disjoint boundaries.
By [28] a locally thin multiple c-bridge surface is always sc-strongly irreducible and unperturbed.
Proposition 3.8. Suppose that (M, τ) is an even tangle such that τ 6= ∅, (M, τ) is not a product
tangle, and each component of ∂M is c-incompressible and has at least four punctures. Then
T2(M, τ) 6= ∅ and:
(1) There exists (T, λ) ∈ T2(M, τ) such that netextent(T, λ) = netextent−2(M, τ) and w(T, λ) =
wb(M, τ).
(2) There exists (T, λ) ∈ T2(M, τ) such that w(T, λ) = w−2(M, τ).
In particular, if (T, λ) is associated to a locally thin H ∈ H(M, τ), then (T, λ) is slim.
Proof. Suppose that J ∈ H(M, τ). Since each tangle has at least one bridge surface, such an J
exists. Choose J so that either netextent(J ) = netextent−2(M, τ) and w(J ) = wb(M, τ) or so that
w(J ) = w(M, τ). Since (M, τ) is even, it contains no once-punctured spheres. By Theorem 3.6,
there exists a locally thin H ∈ H(M, τ) such that J → H. Let (T, λ) be the width tree associated
to H. Since netextent and w are nonincreasing under →, we have either:
• netextent(T, λ) = netextent−2(M, τ) and w(T, λ) = wb(M, τ), or
• w(T, λ) = w−2(M, τ),
according to our original choice of J . With slightly greater generality, assume that H ∈ H(M, τ)
is any locally thin multiple c-bridge surface and let (T, λ) be the associated width tree. We will
show that (T, λ) is slim.
By the properties of being locally thin [28, Theorem 7.6]:
• no component of H− is ∂-parallel in M \ τ ;
• no component (W, τ ∩W ) of (M, τ) \ H is a product tangle with one component of ∂W in
H− and the other in H+.
Suppose that (T, λ) has a product edge e at vertex v. Let H ⊏ H+ and F ⊏ H− ∪ ∂M be the
surfaces associated with v and e, respectively. If e does not have an endpoint at a boundary vertex
of T , then F ⊏ H− and if it does, then F ⊏ ∂M . Since e is a product edge, H and F have the
same number of punctures and cobound a component (W, τ ∩W ) of (M, τ) \ H. Consequently,
(W, τ ∩W ) is a product tangle. Thus, F ⊏ ∂M . Let (U, τ ∩ U) ⊏ (M, τ) \ H be the component
on the other side of H. If (U, τ ∩ U) contains an sc-disc D for H, we can extend ∂D through the
product tangle (W, τ ∩W ) and conclude that F has a c-disc, contradicting our hypothesis that ∂M
is c-essential. Thus, (U, τ ∩ U) admits no sc-disc for H. Thus, it is either a product tangle or an
11
elementary ball tangle. In the latter case, |H ∩ τ | ≤ 2 and so |F ∩ τ | ≤ 2, a contradiction. In the
former case, we see that (M, τ) is itself a product tangle. This again contradicts our hypotheses.
Thus, (T, λ) is productless.
We desire to show that (T, λ, 2) ∈ T(M, τ). Let H ⊏ H+. Let W ⊏ (M, τ) \H− be the component
containing H. Let p = |H ∩ τ |. Since (M, τ) is an even tangle, p is even. Suppose that p ≥ 6. If
dsc(H) ≤ 1, then there exist disjoint sc-discs in W for H on opposite sides of H. This means that
H is sc-weakly reducible, contradicting the properties of local thinness [28, Theorem 7.6]. Thus, if
p ≥ 6, then dsc(H) ≥ 2.
Suppose that p = 4 and dsc(H) ≤ 1. Since H is sc-strongly irreducible, there exist c-discs A and
B for H on opposite sides of H with ∂A and ∂B intersecting minimally exactly twice. The curves
∂A and ∂B each bound twice-punctured discs DA and DB , respectively, in H. If A or B were a
cut disc, (M, τ) would contain a sphere with 3 punctures. This contradicts the fact that (M, τ) is
an even tangle and that every sphere in S3 separates. Thus, A and B are both compressing discs.
Let τA and τB be the components of τ ∩W with endpoints in DA and DB , respectively.
Either τA is the union of two vertical arcs or τA is a single bridge arc. In the former case, since
A∪DA is a twice-punctured sphere and since (M, τ) contains no once-punctured spheres, there is a
twice-punctured sphere S ⊏ H−∩∂W . Take a parallel copy of this sphere and tube along one of the
arcs of τA to create a semi-cut disc for H. Its boundary is disjoint from B, and so H is sc-weakly
reducible, a contradiction. Thus, τA is a single bridge arc. A symmetric argument shows that τB
is also a single bridge arc. Since ∂A and ∂B intersect in a single point, we can construct bridge
discs for τA and τB that intersect only in an endpoint. Hence, H is perturbed. By [28, Definition
6.16], it is possible to apply a thinning move to H, contrary to the hypothesis that H is locally
thin. Thus, (T, λ, 2) ∈ T(M, τ) and so T2(M, τ) 6= ∅ and the result holds. 
We now consider the connection between certain labels on a slim width tree and surfaces in the
tangle.
Proposition 3.9. Suppose that (M, τ) is an even tangle such that τ 6= ∅, and each component of
∂M is c-incompressible and has at least four punctures. Suppose that (T, λ) ∈ T2(M, τ). If (T, λ)
is associated to H, then each component of H− is c-incompressible in (M, τ); no component of
(M, τ) \ H is a product tangle; each component of H+ is sc-strongly irreducible and unperturbed;
and all such spheres with at most two punctures are essential. In particular, the following hold:
(1) For each (T, λ) ∈ T2(M, τ), there is an edge e of T such that λ(e) = −1 if and only if
(M, τ) is split.
(2) For each (T, λ) ∈ T2(M, τ), there is an e of T such that λ(e) ≤ 0 if and only if (M, τ) is
split or composite.
(3) For each (T, λ) ∈ T2(M, τ), if there is an edge e of T such that λ(e) = 1, then (M, τ)
contains an essential Conway sphere or a component of ∂M is a 4-punctured sphere.
Proof. We explain the general statements concerning H; the specific conclusions (1), (2), and (3)
are addressed at the end of the proof. Suppose that (T, λ) ∈ T2(M) and that it is associated to
H ∈ H(M, τ). We show that H satisfies many of the properties from [28, Theorem 7.6] of being
locally thin. Suppose that tangle of (M, τ) \H is a product tangle between F ⊏ H− and H ⊏ H+.
The edge of T corresponding to F is then the sole outgoing or the sole incoming edge at the vertex
corresponding to H. Since the tangle is a product tangle, F and H have the same number of
punctures, and so the edge is a product edge. This contradicts the fact that (T, λ) is productless.
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Similarly, no component of (M, τ) \ H is a product tangle between a component of ∂M and a
component of H+.
Suppose that H ⊏ H+. Since H satisifies the distance threshold of 2, dsc(H) ≥ 4. Consequently,
H is sc-irreducible. If H is perturbed, let DA and DB be bridge discs on opposite sides of H in
M \ H− such that the arcs ∂DA ∩ H and ∂DB ∩ H intersect only in a single point which is an
endpoint of both arcs. Since (M, τ) is an even tangle, this implies that |H ∩ τ | ≥ 4. The frontiers
A and B of DA and DB are then compressing discs for H in M \H
− on opposite sides of H whose
boundaries intersect exactly twice. If |H∩τ | = 4, this implies dsc(H) ≤ 1, a contradiction. Suppose
that |H ∩ τ | > 4. In this case, let A′ be the result of performing a “finger-move” of ∂A along the
arc ∂DB ∩H, so as to slide ∂A across the puncture that is the endpoint of ∂DB ∩H not shared
by ∂DA ∩H. Let γ be the resulting curve in H. It is essential since it bounds a thrice-punctured
disc in H and H has more than four punctures. The curve γ obviously bounds a cut-disc for H in
M \H− on the same side of H as DA. It also bounds a cut-disc for H in M \H
− on the same side
of H as B. To see this, observe we can also obtain it (up to isotopy in H \ τ) by sliding ∂B along
the arc ∂A ∩H. Consequently, H is sc-weakly reducible, a contradiction. We conclude that each
H ⊏ H+ is sc-irreducible and unperturbed.
That each component of H− is c-essential follows from [28, Corollary 7.5]. If H is locally thin,
then by [28, Theorem 7.5], each component of H− is also c-essential. We do not quite have the full
strength of local thinness here, but we can show that if P ⊏ H− has fewer than two punctures,
then it is c-essential.
Suppose, first that P ⊂ H is an unpunctured sphere bounding a ball B ⊂ (M \ τ). If the interior of
B contains a component of H, then that component of H− is another unpunctured sphere. Thus, if
H− contains a c-inessential unpunctured sphere, by passing to an innermost such component of H−,
we see that (M, τ)\H would contain an (S2×I,∅) component, a contradiction. Thus, no component
of H− is an inessential unpunctured sphere. Let P ⊏ H− be twice-punctured and ∂-parallel. Let
W ⊂ M \ τ be the product submanifold that P bounds with an annulus subsurface of ∂(M \ τ).
As H− is c-incompressible and contains no inessential unpunctured spheres, any other component
of H− ∩W is also a ∂-parallel twice-punctured sphere, so by choosing P to be innermost, we may
assume that the interior of W is disjoint from H− and contains a unique component H ⊏ H+. By
our choice of P , there are no ghost arc components of (τ ∩W )\H. That is, H is a bridge surface for
(W, τ ∩W ). After capping off ∂W with a 3-ball containing an unknotted arc, H becomes a bridge
sphere for the unknot. By [11], it is either perturbed or twice-punctured. If it is perturbed, it was
perturbed prior to capping off ∂W , a contradiction. If it is twice-punctured, then in (M, τ) \ H,
the spheres H and P cobound a product tangle, another contradiction. Thus, each sphere of H−
with two or fewer punctures is essential. since ∂M contains no sphere with two or fewer punctures,
if T has an edge e with λ(e) = −1, 0, then (M, τ) is split or composite, respectively.
Suppose, therefore, that e is an edge of (T, λ). If e is incident to a boundary vertex v of T , then
λ(v) = λ(e). By our hypotheses on ∂M , this implies that λ(e) ≥ 1. In particular, if e is incident
to a boundary vertex of T , then λ(e) = 1, implies a component of ∂M is a four-punctured sphere.
Suppose that e is not incident to a boundary vertex and let F ⊏ H− be the associated thin sphere.
By construction, λ(e) = −1+ |F ∩τ |/2. Thus, if λ(e) = −1, then F is unpunctured and if λ(e) = 0,
then F is twice-punctured. In either case, by our previous remarks, F is essential. If λ(e) = 1, then
F is a c-incompressible Conway sphere. If it is inessential, it is ∂-parallel in (M \ τ). This implies
that either ∂M contains a four-punctured sphere or that it contains two thrice-punctured spheres.
The latter possibility contradicts our assumption that (M, τ) is even. Thus, if (T, λ) has an edge
with label 1, then it either contains an essential Conway sphere or ∂M contains a four-punctured
sphere.
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Suppose now that S ⊂ (M, τ) is an essential sphere with two or fewer punctures. If H is locally
thin, then [28, Theorem 8.2] shows that there is F ⊏ H− such that |F ∩ τ | ≤ |S ∩ τ |. The edge
e of T corresponding to F has λ(e) ∈ {−1, 0}. In our setting H may not be locally thin, but the
result still holds. To see this, observe that in the proofs of [28, Theorem 8.2] and [28, Theorem
7.2] to which [28, Theorem 8.2] refers, all that is used is the fact that there is no once-punctured
sphere in (M, τ), that each component of H− is c-incompressible, and that each component of H+
is sc-strongly irreducible. Consequently, [28, Theorem 8.2] holds in somewhat more generality than
is indicated in [28] and our result holds. 
The next lemma will be useful in the final section of this paper.
Lemma 3.10. Suppose that (M, τ) is even, prime, not a product tangle, and that each component
of ∂M is c-incompressible and has at least four punctures. Let (T, λ) ∈ T2(M, τ) be associated with
H. Then either no two components of H− ∪ ∂M are τ -parallel, or there exists J ∈ H(M, τ) with
netextent(J ) < netextent(H) and w(J ) < w(H).
Proof. Suppose that F0 and F1 are two components of H
− ∪ ∂M that are τ -parallel. At least
one must belong to H−. Let W be the product tangle between them. By Proposition 3.9, each
component of H− is c-incompressible. Thus, by [33], any component of H− in the interior of W is
τ -parallel to F0 and F1. Consequently, we may assume that the interior of W is disjoint from H
−
and contains a single component H ⊏ H+. If there are no ghost arcs in (τ ∩W ) \H, H is a bridge
sphere for (W, τ ∩W ). In that case, by [11], either H is perturbed or is τ -parallel to F0 and F1
within W . The first possibility contradicts Proposition 3.8 and the second contradicts Proposition
3.9.
Thus, (τ ∩W ) \H must contain a ghost arc κ. Since H,F0, F1 are all spheres, by the definition of
c-trivial tangle, there is exactly one such ghost arc and H does not separate F0 and F1.
Let a be the number of arcs of τ ∩W . Since (M, τ) is prime, a ≥ 3. Let H ′ ⊂ W be a surface
τ -parallel to F0 and F1. Note that H
′ is a bridge sphere for (W, τ ∩W ). Also,
extent(H ′) = a− 1 < 2a− 3 ≤ extent(H).
Let J+ = (H+ \ H) ∪ H ′; J− = H−; and J = J + ∪ J−. Observe that J ∈ H(M, τ) and that
netextent(J ) < netextent(H) and w(J ) < w(H). 
4. Ditree geometry
The geometry of a directed graph is closely connected to the structure of its sources and sinks.
In this section, we relate this structure to the net extent of a width tree. We adapt standard
terminology and techniques from graph theory [34, Chapter 4.3].
Definition 4.1. Suppose that T is a ditree. A source of T is a vertex with no incoming edges and
a sink of T is a vertex with no outgoing edges. A strong source-sink cut for T is a subset S of the
vertices of T that contains all source vertices, contains no sink vertices, and for which there are no
edges with a tail not in S and a head in S. The size |∂S| of such a cut is the number of edges with
tail in S and head not in S. Let N2−(T ) denote the number of vertices of T with a single incoming
edge and N2+(T ) the number with a single outgoing edge.
Our main result is an adaptation of the classical Max Flow-Min Cut theorem for network flows;
though in our case it is a “Min Flow-Max Cut” theorem. The proof will be given at the end of this
section; after preliminary material.
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Theorem 4.2. Suppose that (T, λ) is a productless positive width tree. Let max |∂S| be the maxi-
mum size of a strong source-sink cut on T . Then
netextent(T, λ) ≥ N2−(T ) +N
2
+(T ) + max |∂S|.
Furthermore, for any ditree T , there exists a productless positive labelling λ such that equality holds.
The following lemma is a version of [27, Equation (1)]. It implies (among other things) that
netextent(T, λ) ≥ 0 for nonnegative width trees. For a ditree T , with vertex v, we let v+ denote
the set of edges with tail at v and v− the set of edges with head at v.
Lemma 4.3. Suppose (T, λ) is a width tree with vertex set V . Then
netextent(T, λ) =
∑
v∈V
(λ(v) − λ(v−)) =
∑
v∈V
(λ(v) − λ(v+)).
Proof. Each edge is an incoming edge for some vertex and an outgoing edge for some vertex. 
Definition 4.4. Suppose that T is a ditree. A positive labelling F on T is conservative if it satisfies
the flow constraints; that is:
• for each vertex v that is neither a source nor a sink, F (v−) = F (v) = F (v+);
• for each sink vertex v, F (v) = F (v−);
• for each source vertex v, F (v) = F (v+).
A conservative labelling is called a flow. The value of a flow F is the total value of F on the edges
incoming to the sink vertices of T . The value val(F, S) of a flow F on a strong source-sink cut S
is the total value of F on the edges of T having their tail in S and their head not in S.
Remark 4.5. Observe that for a flow F and strong source-sink cut S, val(F, S) ≥ |∂S| since F is
positive.
Note that given a flow F on a ditree T , the pair (T, F ) is a width tree. We begin by converting
width labels into flows. Because we want to keep track of product edges, we make the following
definition. See Figure 4.
Figure 4. Consider the ditree T consisting of the black vertices and edges. Together
with the blue and red vertices and edges we have the augmented ditree T̂ . The red
vertices and edges are the A+ and E+ augmenting vertices and edges. The blue
vertices and edges are the A− and E− augmenting vertices and edges.
Definition 4.6. Suppose that T is a ditree. For each vertex v of T that has a single outgoing
edge, let A+(v) denote a vertex not in T and let E+(v) denote an edge pointing from v to A+(v).
Similarly, for each vertex v of T that has a single incoming edge, let A−(v) denote a vertex not
in T and E−(v) an edge pointing from A−(v) to A+(v). We require that all the A±(v) vertices
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be distinct from each other. Let T̂ be the ditree obtained by taking the edges and vertices of T
together with all the A±(v) vertices and E±(v) edges. We call T̂ the augmented ditree for T and
E±(v) and A±(v) the augmenting edges and augmenting vertices. Extend λ to a labelling λ̂ on T̂
by declaring λ̂ to be one on all augmenting vertices and edges. Note that (T̂ , λ̂) is a positive width
tree where the only product edges are the augmenting edges.
Figure 5 shows an example of the first three steps of the algorithm used in the proof of the next
theorem.
Theorem 4.7. Suppose that (T, λ) is a positive width tree without product edges. Then there exists
a flow F on the augmented ditree T̂ such that netextent(T̂ , F ) = netextent(T, λ). Furthermore,
F ≥ λ̂.
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Figure 5. The first three steps of the algorithm to convert an arbitrary labelling
into a flow. We have not shown the labels on vertices and edges irrelevant to the
first three steps. The vertices are ordered from left to right and the “special edge”
departing from each vertex is shown in red. The first step leaves the labelling
unchanged.
Proof. Our strategy for constructing a flow is to increase label values on edges and internal vertices
so as to push excess label values out to the sources and sinks of the ditree. Suppose that (T, λ) is
a positive width tree without product edges. Let Ŝ be the set of sources of T̂ .
Let Ek be the subgraph of T̂ which consists of the edges and vertices of T̂ lying on a path starting
at a vertex of Ŝ and of length k. Order the vertices of T̂ as v1, . . . , vn so that for each k, all vertices
of Ek appear before the vertices of Ek+1 \ Ek. For each vertex vi, make a choice of outgoing edge,
called the special edge at vi and denoted e(vi).
We define F recursively. Let λ0 = λ̂. Suppose we have defined λi for i < n so that (T̂ , λi) is a
width tree. We define λi+1 as follows. Let ∆ = λi(vi+1) − λi((vi+1)+) be the difference between
the label at vi and the sum of the labels on edges leaving vi. Let Q be the set of maximal coherent
paths in T̂ that start at vi+1 and traverse only special edges in T̂ . (Maximal means that no path
can be extended to a longer coherent path traversing only special edges.) Let λi+1 be the labelling
obtained by increasing the value of λ on all vertices (apart from vi+1) and edges of the path in Q
beginning at vi+1 by ∆, and leaving all other labels unchanged.
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Notice that any time we have increased the label of an edge in T̂ , we have also increased the label
of its terminal vertex by the same amount, so (T̂ , λi+1) is still a width tree. Furthermore, if we
increased the label of a nonsink vertex v, we also increased the value of exactly one incoming edge
by the same amount. Consequently, netextent(T̂ , λi+1) = netextent(T̂ , λi). We have arranged for
the label on vi+1 to be equal to the total label on the outgoing edges from vi+1. For each j < i+1
such that vj is not a sink vertex, the value of λi+1 on vj is equal to its total value on the outgoing
edges from vj . By recursion we arrive at a width tree (T̂ , λn) with the property that for each
nonsink vertex v, λn(v) = λn(v+) and for every vertex v, λn(v)− λn(v−) = λ̂(v)− λ̂(v−).
Let (T , λn) be the ditree obtained by reversing the directions on all edges of T̂ . Apply the previous
algorithm to arrive at (T , λ). Then λ is flow on both T̂ and T with the same net extent as λ and
for every edge e of T̂ , F (e) ≥ λ(e). 
Proof of Theorem 4.2. Suppose that (T, λ) is a productless positive width tree. Let T̂ be the
augmented ditree and let F be the flow constructed by Theorem 4.7. Notice that we can construct
a natural bijection between the set of strong source-sink cuts for T and the set of strong source-sink
cuts for T̂ : Given a source-sink cut S for T we include the source augmenting vertices, but not the
sink augmenting vertices, into S to arrive at a strong source-sink cut Ŝ for T̂ . Conversely, given a
strong source-sink cut Ŝ for T̂ , we remove the augmenting vertices to arrive at a strong source-sink
cut S for T . Observe that |∂Ŝ| equals the sum of |∂S| with N2−(T ) and N
2
+(T ).
Let Ŝ be any strong source-sink cut for T̂ . Since F is conservative, by Lemma 4.3, netextent(T̂ , λ̂) =
val(F ; Ŝ) ≥ |∂Ŝ|. It remains to show that we can construct a flow achieving equality.
Let T be a ditree. There exists a positive labelling λ for T such that (T, λ) is a width tree without
product edges. To see this, let λ(e) = 1 for every edge e and let λ(v) = max{deg−(v),deg+(v)}+1
for every vertex v. From λ, we can construct a flow F on T̂ using Theorem 4.7. We now modify F
to construct a flow achieving equality.
An adjusting path for F is a possibly non-coherent path α from a source vertex to a sink vertex
such that for each edge e traversed by α in the forward direction, F (e) ≥ 2. Let ǫ = minF (e) − 1
where the minimum is taken over all edges traversed by α in the forward direction. Observe ǫ > 0.
If α traverses e in the forward direction, let F ′(e) = F (e) − ǫ. If α traverses e in the backward
direction, let F ′(e) = F (e)+ ǫ. If e is an edge not traversed by α, let F ′(e) = F (e). For each vertex
v of T̂ , let F ′(v) = max{F ′(v−), F
′(v+)}. Observe that (T, F
′) is a conservative flow and that
netextent(T̂ , F ′) = netextent(T̂ , F ) − ǫ.
Consequently, we cannot create adjusted flows indefinitely.
We implement a version of the Ford-Fulkerson algorithm as in [34]. Given a flow F on T̂ , the
algorithm produces a positive flow F ′ whose value (equivalently, net extent) is at most the value of
F and a strong source-sink cut Ŝ of T̂ with |∂Ŝ| = netextent(T̂ , F ′). In the algorithm, we have a
set Rk of reached vertices and a set Sk ⊂ Rk of searched vertices.
Let R0 be the set of sources in T̂ and let S0 = ∅. Assume we have Rk and Sk ⊂ Rk. If Sk = Rk
the algorithm terminates. Suppose that there is a vertex v ∈ Rk \ Sk. For each outgoing edge e
from v with F (e) ≥ 2, add the head of e to Rk. Record the fact that it was added upon arrival
from v. For each incoming edge to v add the tail of v to Rk and record that it was reached from
v. Let Rk+1 be the set we obtained from our original Rk. Add v to Sk to obtain Sk+1. If we ever
add a sink w to Rk in the process of obtaining Rk+1, we can, using our labels, trace backwards
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from w to construct an adjusting path. From that we construct an adjusted flow and apply the
algorithm to the adjusted flow. The algorithm thus terminates with a positive flow F ′ such that
netextent(T̂ , F ′) ≤ netextent(T̂ , F ) and with sets Rk = Sk.
Let Ŝ = Rk. Each edge e with tail in Ŝ and head not in Ŝ must have F
′(e) = 1, as otherwise we
would have continued the algorithm. There are no edges e with head in Ŝ and tail not in Ŝ, as the
algorithm adds all such vertices to the reached set. Thus, Ŝ is a strong source-sink cut and
netextent(T̂ , F ′) = F ′+(Ŝ)− F ′−(Ŝ) = F ′+(Ŝ) = |∂Ŝ|.
Let S′ be a strong source-sink cut on T̂ , maximizing |∂S′|. By our previous remarks, we have
|∂Ŝ| = netextent(T̂ , F ′) ≥ |∂S′| ≥ |∂Ŝ|,
so |∂Ŝ| is itself maximal. 
We can apply this to study the difference between width and bridge number.
Corollary 4.8. Suppose that L ⊂ S3 is a link with associated (T, λ) ∈ T2(S
3, L) such that wb(L) =
w(T, λ). Then
b(L) ≥ N2−(T ) +N
2
+(T ) + max |∂S|
where the maximum is over all strong source-sink cuts S for T . Additionally, if T has at least two
edges and if L admits no essential Conway sphere, then
wb(L)− b(L) ≥ N
2
−(T ) +N
2
+(T ) + max |∂S|.
Proof. The first statement follows from Theorems 2.11 and 4.2. Suppose, therefore, that T has
at least two edges and that L admits no essential Conway sphere. By Theorem 3.1, λ ≥ 2.
Consequently, µ = 2λ2 − λ ≥ 1. The pair (T, µ) is a productless positive width tree. Note that
netextent(T, µ) = netextent(T, 2λ2)− netextent(T, λ), so
wb(L)− b(L) = netextent(T, µ) ≥ N
2
−(T ) +N
2
+(T ) + max |∂S|,
as desired. 
5. Constructing associated knots
In this section, we show:
Theorem 5.1. Suppose that (T, λ, δ) is a positive, productless width tree with distance threshold.
There exists an even tangle (M ′, τ ′) and H′ ∈ H(M ′, τ ′) associated to (T, λ, δ). If T has no boundary
vertices, then we may assume M ′ = S3 and that τ ′ is a knot.
Definition 5.2. Let Λ = {n ∈ Z : n ≥ −1}. A trivialpod with labels λ is a rooted ditree T such
that the following hold:
(1) The root is designated as the thick vertex and all other vertices are designated as a thin
vertices;
(2) Each thin vertex is joined to the thick vertex by an edge and there are no edges with both
endpoints at thin vertices;
(3) Either all edges are oriented into the thick vertex or all edges are oriented out of the thick
vertex;
(4) Each vertex v of T has a label λ(v) ∈ Λ;
(5) The label of the thick vertex is at least the sum of the nonnegative labels of the thin vertices.
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Two trivialpods are equivalent if there is a label-preserving digraph isomorphism (possibly orientation-
reversing) between them.
Suppose (C, TC ) is a c-trivial tangle where ∂+C has been transversally oriented either into or out
of C and each component of ∂−C has also been given a transverse orientation which points out of
or into C, respectively. We can then construct a trivialpod by declaring ∂+C to be the thick vertex
and each component of ∂−C to be a thin vertex and joining each thin vertex to the thick vertex by
an edge which has been given an orientation corresponding to the orientation of ∂C. For a vertex
S ⊏ ∂M of this trivialpod, we declare the label λ(S) to be −1 + |S ∩ TC |/2. We say that the
trivialpod and the c-trivial tangle (C, TC) are associated. The next lemma shows that this concept
is well-defined.
Lemma 5.3. Association is a surjection f from the set of even c-trivial tangles up to equivalence
to the set of trivialpods up to equivalence, such that each even c-trivial tangle (C, τ) is associated
to the trivialpod f(C, τ).
Proof. We start by showing that association is well-defined. That is, given a c-trivial tangle (C, τ)
with ∂C transversaly oriented as above, the ditree T with thick vertex v and labels λ constructed
above is a trivialpod. The only condition that is not immediate is condition (5). To see that this
holds, choose a collection of pairwise disjoint sc-discs ∆ for ∂+C such that (C, τ) \∆ is the disjoint
union of product tangles and elementary ball tangles. Each ∂-reduction of a punctured surface S
along an unpunctured disc decreases extent(S) = −χ(S) + |S ∩ τ |/2 by two. Each decomposition
along a once-punctured disc leaves extent(S) unchanged. At the conclusion of the ∂-reductions
using ∆, the result holds and since the ∂-reductions left ∂−C alone, it also holds beforehand. This
association clearly preserves equivalence.
We now show that f is a surjection. Suppose that T is a trivialpod with labels λ. Let v be the
thick vertex of T and set M = λ(v). We induct on the number of thin vertices. If T has no
thin vertices, let (C, τ) be the result of inserting M + 1 bridge arcs into a 3-ball. Observe that
extent(∂+C) = −1 + (M + 1) = λ(v). Thus, the result holds in this case. Suppose, therefore, that
there exists an N ≥ 0 such that whenever T ′ is a trivialpod having thick vertex v with label M
and 0 ≤ k ≤ N thin vertices, then T ′ is associated to some even c-trivial tangle.
Assume T has N +1 thin vertices v1, . . . , vN+1. Let T
′ be the tree obtained by removing vN+1 and
its incident edge from T . The vertex v is still a thick vertex for T ′ and T ′ inherits edge orientations
and labels from T . By our inductive hypothesis, there is an even c-trivial tangle (C ′, τ ′) such that
T ′ is associated to (C ′, τ ′).
Let Si for i ∈ {1, . . . , N} be the components of ∂−C
′ corresponding to thin vertex vi. Let C be the
result of removing an open 3-ball from C ′ that is disjoint from τ ′ and let SN+1 = ∂C \ ∂C
′. As in
the previous paragraph, (C, τ ′) is a c-trivial tangle with S1, . . . , SN+1 ⊏ ∂−C. Out of all c-tangles
(C, τ ′′) having the properties that:
(1) extent(∂+C) = λ(v),
(2) For i ≤ N , extent(Si) = λ(vi),
(3) extent(SN+1) ≤ λ(vN+1)
assume that we have chosen τ ′′ to minimize λ(vN+1)− extent(SN+1). If we have equality, then set
(C, τ) = (C, τ ′′) and we are done. So suppose, for a contradiction, that λ(vN+1) > extent(SN+1).
In particular, observe that this means that λ(vN+1) ≥ 0.
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If τ ′′ contains a bridge arc b, let τ ′′′ be the result of removing b from τ ′′ and inserting two vertical
arcs, each joining ∂+C to SN+1. This preserves the extent of ∂+C, as well as extent(Si) for i ≤ N
but reduces λ(vN+1)− extent(SN+1) by 1. Thus, τ
′′ has no bridge arcs. If τ ′′ contains a ghost arc g
having endpoints Sk and Sℓ for distinct k, ℓ ≤ N , then we can let τ
′′′ be the result of replacing g in
τ ′′ with ghost arcs gk and gℓ such that gk joins Sk to SN+1 and gℓ joins Sℓ to SN+1. Observe that
(C, τ ′′′) is still a c-trivial tangle but that λ(vN+1)− extent(SN+1) has decreased by 1. Additionally,
extent(∂+C) and extent(Si) for i ≤ N remain unchanged. Thus, τ
′′′ contradicts our choice of τ ′′.
Hence, every ghost arc in τ ′′ has an endpoint on SN+1. By the definition of c-trivial tangle, no
ghost arc has both endpoints on SN+1. Thus, we may assume that τ
′′ contains only vertical arcs
and ghost arcs with a single endpoint on SN+1.
The ghost arc graph Γ of (C, τ ′′) has at most one component containing an edge and that component,
if it exists, has SN+1 as a vertex. We have remarked that λ(v) = |∂+C ∩ τ
′′|/2 − 1 ≥ 0. Thus, the
number of vertical arcs is |∂+C∩τ
′′| ≥ 2. Suppose there exist distinct j, k ≤ N such that Sj and Sk
are incident to vertical arcs vj and vk respectively. Let τ
′′′ be the result of replacing vj and vk with
ghost arcs gj and gk and bridge arc b. The ghost arc gj joins Sj to SN+1 and the ghost arc gk joins
Sk to SN+1. This can be done so that (C, τ
′′′) is a c-trivial tangle. We have preserved extent(∂+C)
and extent(Si) for i ≤ N , but reduced λ(vN+1)− extent(SN+1), a contradiction. Thus, all vertical
arcs have one endpoint on a unique component Si for i ≤ N .
If the ghost arc graph for (C, τ ′′) contained an edge, then, as it is acyclic, it would contain at
least two vertices of degree 1. Since (C, τ ′′) is an even c-trivial tangle, both of the corresponding
components of ∂−C would be incident to vertical arcs. Thus, the ghost arc graph consists of isolated
vertices. Remove one of the vertical arcs having an endpoint at Si and replace it with a ghost arc
joining Si and SN+1 and a vertical arc joining ∂+C and SN+1. Let τ be the new tangle. This can
be done so that (C, τ) is a c-trivial tangle. For each j ≤ N , we have |Sj ∩ τ
′′| = |Sj ∩ τ | and we
also have |∂+C ∩ τ
′′| = |∂+C ∩ τ |, but extent(SN+1)−λ(vN+1) has decreased by 2, a contradiction.
Thus, the association of even c-trivial tangles with trivialpods is surjective. 
The proof of the next lemma is easy and admits a great deal of latitude. We will subsequently
make use of the latitude.
Lemma 5.4. Suppose that (T, λ) is a width tree. Then there exists an even tangle (M, τ) such
that (T, λ) is associated to (M, τ). If T has no boundary vertices and if λ ≥ 0, then we may take
M = S3 and τ to be a knot.
Proof. Let (T, λ) be a given width tree. For each nonboundary vertex v ∈ T , let N±(v) be the union
of the vertex v with “half-edges” of the outgoing/incoming edges of T incident to v, respectively.
Then each of N±(v) is a trivialpod, with v as the thick vertex. The labels on the thin vertices are
inherited from the edges of T incident to v. Choose a c-trivial tangle (C±(v), τ±(v)) associated to
each of these trivialpods. If N+(v) (for example) has no edges, then ∂−C+(v) = ∅. Since ∂+C−(v)
and ∂+C+(v) are each spheres with 2λ(v) + 2 punctures, there is a homeomorphism φv taking one
to the other and preserving punctures. Suppose that vertices v and w are adjacent via an edge e.
Let F ⊏ ∂−C(v) and F
′ ⊏ ∂−C(w) be the components corresponding to e. Since F and F
′ are both
spheres with 2λ(e) + 2 punctures, there is a homeomorphism φe from F to F
′ taking punctures to
punctures. Thus, we may glue all of the trivialpods together using the homeomorphisms φv and φe
for all nonboundary vertices and edges of T . The result is a tangle (M, τ). Let H+ be the union
of the surfaces ∂+C±(v) in M . Let H
− be the union of the components of ∂−C±(v) that do not
correspond to edges of T incident to boundary vertices. Then H = H+ ∪H− is a multiple c-bridge
surface for (M, τ) associated to (T, λ).
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If T has no boundary vertices, then M = S3 and τ is a link. If λ ≥ 0 and |τ | ≥ 2, there exists a
c-trivial tangle (C, τC) ⊏ H intersecting distinct components of τ . Each leaf and isolated vertex of
the ghost arc graph is incident to vertical arcs, so some component H of ∂C is incident to distinct
components of τ . Modify the gluing map along H by a half Dehn twist to reduce the number of
components of τ . Consequently, we may perform the construction so that τ is a knot. 
Definition 5.5. Suppose thatH is a c-bridge surface for an irreducible (M, τ) with |H∩τ | ≥ 5. The
bridge distance d(H), the c-distance dc(H), and the AD-distance dAD(H) are each the minimum n
such that d(∂A, ∂B) = n, if the minimum exists. For d(H), we minimize over all compressing discs
A and B for H on opposite sides of H; for dc(H), we minimize over all c-discs A and B for H on
opposite sides of H; and for dAD(H), we minimize over all c-discs and vertical annuli A and B on
opposite sides of H.
Remark 5.6. In all cases with |H ∩ τ | ≥ 5, dAD(H) is defined. If H has a compressing disc on
both sides, then d(H) is defined. If H has a c-disc to both sides, then dc(H) is defined. When
∂M has no spheres with two or fewer punctures, dc(H) = dsc(H), as H has no semi-cut discs or
semi-compressing discs. See [28, Lemma 3.5].
A simple outermost arc argument (as in [31, Prop. 4.1]) allows a comparison between the three
distances.
Lemma 5.7. Suppose (C, τ) is a c-trivial tangle such that ∂−C contains no spheres with two or
fewer punctures. If ∂+C has a compressing disc in (C, τ), then the boundary of each cut disc is
disjoint from the boundary of some compressing disc for ∂+C. Likewise, if ∂+C has a c-disc, then
the boundary component of every vertical annulus in (C, τ) in H is disjoint from the boundary of
some c-disc. Consequently, if H has a compressing disc to both sides, then
d(H) ≥ dc(H) ≥ d(H)− 2.
Likewise, if H has a c-disc to both sides, then
dc(H) ≥ dAD(H) ≥ dc(H)− 2.
There are numerous ways to create knots with high distance bridge spheres [2,14,15,17]. We’ll use
a method involving crossing changes achieved by Dehn twists in a bridge surface. Suppose that
(M, τ) is an even, irreducible tangle with H ⊂ (M, τ) an oriented c-bridge surface. Assume that
every component of ∂M has at least four punctures and that no tangle on either side of H is a
product tangle or trivial ball tangle. Assume H has at least 6 punctures. For an oriented curve
c ⊂ H, let (M(c), τ(c)) denote the result of composing the gluing map with a right Dehn twist
around c. Observe that H is still a bridge surface for (M(c), τ(c)) with the same extent. Blair,
Campisi, Johnson, Taylor, and Tomova prove the following theorem:
Theorem 5.8. Suppose that H is a bridge sphere for a link L ⊂ S3 such that |H ∩ L| ≥ 6. For
any N ∈ N, there exists a simple closed curve c ⊂ H bounding a twice-punctured disc in H such
that if the gluing map along H is composed with a Dehn twist along c to create the link L′ ⊂ S3,
then as a bride surface for L′, d(H) ≥ N .
Here is the generalization we need:
Theorem 5.9. Suppose that (M, τ) is an irreducible even tangle such that every component of ∂M
has at least four punctures. Suppose also that H ∈ H(M, τ) is a c-bridge sphere with at least 6
punctures and that neither component of (M, τ) \H is a product tangle. Then for any N ≥ N there
exists a curve c ⊂ H bounding a twice-punctured disc, such that after performing a Dehn twist
along c, the c-bridge surface H has dAD(H) ≥ N .
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Remark 5.10. Notice that performing the twist does not change the underlying homeomorphism
type of the 3-manifold, since c bounds a disc in M . Also observe that on each side of H, the new
tangle (M ′, τ ′) has the same number of vertical arcs, bridge arcs, and ghost arcs as the corresponding
side of H in (M, τ).
Proof of Theorem 5.9. Let N ∈ N. Observe that H has a c-disc on each side as |H ∩ τ | ≥ 6 and
neither component of (M, τ) \H is a product tangle.
We begin by constructing a link L from τ . Since each component of ∂M intersects τ an even
number of times, we may cap each component S ⊂ ∂M off with a tangle (B(S), τ(S)) where B(S)
is a 3-ball and τ(S) is a collection of |S ∩ τ |/2 boundary-parallel arcs. This converts τ into a link
L and M into the 3-sphere. The sphere H is easily seen to be a bridge sphere for L: complete
collections of sc-discs for each side of H in (M, τ) extend to complete collections of sc-discs for each
side of H in (S3, L). Consequently, H is a c-bridge sphere for L. Since ∂S3 = ∅, there are no ghost
arcs, so it is actually a bridge sphere.
By Theorem 5.8, there is a simple closed curve c ⊂ H, bounding a twice punctured disc in H
such that if L′ is the link resulting from a Dehn twist of H around c, then d(H) ≥ N + 4, when
considering H as a bridge surface for L′. By Lemma 5.7, we have dc(L
′) ≥ N + 2. Let (M ′, τ ′) be
the result of performing the twist in (M, τ). The tangle (M ′, τ ′) is also the result of removing the
trivial tangles (B(S), τ(S)) from each component S of ∂M ⊂M ′. Each c-disc for H in (M ′, τ ′)\H
is also a c-disc for H in (S3, L) \H since no component of ∂M has two or fewer punctures. Since
neither component of (M, τ)\H is a product tangle, there is at least one such c-disc to each side of
H in (M ′, τ ′). Consequently, dc(H) ≥ N +2, when considering H as a c-bridge sphere for (M
′, τ ′).
By Lemma 5.7, dAD(H) ≥ N , when considering H as a c-bridge sphere for H in (M
′, τ ′). 
To deal with the four-punctured spheres, we need the following standard result.
Lemma 5.11. Let H be a 2-sphere in S3. For each N ∈ N, there exists a knot K such that H is
a bridge sphere for H, |H ∩K| = 4, and d(H) = dc(H) ≥ N .
Proof. The set of isotopy classes of essential curves on a 4-punctured sphere are the vertices of
the Farey graph and two vertices are joined by an edge if they can be represented by curves
with intersecting minimally exactly twice. The lemma follows from the fact that the Farey graph
has infinite diameter and the fact that each c-disc for a bridge sphere with four punctures is a
compressing disc. 
Proof of Theorem 5.1. Let (T, λ, δ) be a positive productless width tree with distance threshold.
By Theorem 5.4, there exists a tangle (M, τ) with H1 ∈ H(M, τ) associated to (T, λ). If T is
boundaryless, then we may assume that τ is a knot. Suppose that some nonboundary vertex v of
T has λ(v) ≤ 1. Since T is productless and positive, if e is an edge incident to v, then λ(e) ≤ 0,
contradicting the assumption that T is positive. Thus, either T is a single vertex, or every thick
surface H ′ ⊏ H+
1
has |H ′ ∩ τ | ≥ 6. In the former case, we appeal to Lemma 5.11. Suppose,
therefore, that we are in the latter case.
Suppose H ′ ⊏ H+
1
. Let (M1, τ1) be the component of (M, τ) \ H
−
1
containing it. Since T has no
product edges, no component of (M1, τ1) \ H
′ is a product tangle. By Theorem 5.9, there is an
essential simple closed curve cH′ ⊂ H
′ so that Dehn twisting along cH′ converts (M1, τ1) into a
tangle (M ′1, τ
′
1) and H
′ into a c-bridge surface H ′ ∈ H(M ′2, τ
′
2) with dc(H
′) ≥ δ. If τ is a knot,
the Dehn twist does not change that. Do this for each component H ′ ⊏ H+
1
. The result is then a
22
multiple c-bridge surface H′ for a tangle (M ′, τ ′) such that dc(H
′) ≥ δ for each H ′ ⊏ H′+. If T has
no boundary vertices, then M =M ′ = S3 and we may assume that τ ′ is a knot. 
6. Uniqueness of width trees with small labels and high distance threshold
In this section, we prove:
Theorem 6.1. Let (M, τ) be an even tangle such that each component of ∂M has at least four
punctures. Let (T ′, λ′) be a positive slim width tree associated to (M, τ) such that netextent(T ′, λ′) =
netextent−2(M, τ) or w(T
′, λ′) = w−2(M, τ). Suppose that (T, λ, δ) ∈ T2(M, τ) with δ > 2 trunk(T, λ).
Then (T ′, λ′) is equivalent to (T, λ). Indeed any J ∈ H(M, τ) associated to (T ′, λ′) is τ -parallel to
any H ∈ H(M, τ) associated to (T, λ).
Assuming the theorem, we have the following corollaries.
Corollary 6.2. Let (T, λ) be a productless positive width tree. Then there exists a tangle (M, τ)
such that (T, λ) ∈ T2(M, τ) and
netextent(T, λ) = netextent−2(M, τ), and
w(T, λ) = w−2(M, τ)
.
If T is boundaryless, then M = S3 and we can take τ to be a knot.
Proof. Set δ = 2netextent(T, λ) + 3. Notice that (T, λ, δ) is slim. By Theorem 5.1, there exists a
tangle (M, τ) such that (T, λ, δ) ∈ T2(M, τ). If T is boundaryless then M = S
3 and we can take τ
to be a knot. By Theorem 6.1, any locally thin multiple c-bridge surface for (M, τ) realizing either
netextent−2(M, τ) or w−2(M, τ) induces a width tree equivalent to (T, λ). 
Corollary 6.3. For any ditree T , there exists a positive, productless labelling λ and a tangle
(M, τ) such that (T, λ) ∈ T2(M, τ) and so that the inequalities of Theorem 4.2 are equalities. If T
is boundaryless, then M = S3 and τ can be taken to be a knot.
Proof. By Theorem 4.2, there is a labelling making the inequalities equalities. The result follows
from Corollary 6.2. 
The remainder of this section is devoted to proving Theorem 6.1. Assume the hypotheses in the
statement of Theorem 6.1. By Lemma 3.1, (M, τ) is irreducible and prime. If (M, τ) were a product
tangle, by Lemma 3.1 there would be no associated slim width trees, so (M, τ) is not a product.
Our proof is closely modelled on [18] (see also [4]), with modifications inspired by [5]. The basic idea
is that when thick spheres have high distance relative to the number of punctures, thick spheres
and thin spheres having fewer punctures can be isotoped off them. If H and J are two multiple
c-bridge surfaces with H being high distance, we first apply the philosophy to show that unless the
surfaces in J have a large number of punctures compared with H, we can isotope the thin surfaces
J− into H−. We then apply the same philosophy to the thick surfaces J + and show that this
implies that either J has higher net extent or width or the width trees associated to H and J are
equivalent and that this equivalence arises from an isotopy of J to H.
We begin with a lemma that will simplify subsequent discussion.
Lemma 6.4. If T has a nonboundary vertex with label equal to 1, then the conclusions of Theorem
6.1 hold.
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Proof. Suppose that T has a nonboundary vertex v of label 1. Let H ∈ H(M, τ) be associated to
T and choose H ⊏ H+ such that H is a four-punctured sphere. Since (T, λ) is productless and
positive, any edge e incident to v must have λ(e) ≤ 0, a contradiction. Since T is positive and slim,
τ must be a 2-bridge knot or link in M = S3. Since (T ′, λ′) is slim, H′ is also necessarily a bridge
sphere for (M, τ). By [24, Theorem 4.3], H+ and J+ are isotopic, as desired. 
Henceforth, we assume that no vertex of T has label 1; that is each component of H+ has at least
six punctures. As with all arguments of this sort, sweepouts are the key tool. The height functions
used in the introduction to define bridge number are examples of sweepouts. A spine for a c-trivial
tangle (C, τC) is the union of ∂−C with a certain graph Γ0 ⊂ C. The graph portion Γ0 of a the spine
is empty if and only if (C, τC) is a trivial product compressionbody. The key property of a spine is
that (C, τC) \ Γ0 is pairwise homeomorphic to (∂+C × (0, 1],points × (0, 1]) by a homeomorphism
taking ∂+C to ∂+C × {1} and the points ∂+C ∩ τC to (points)× [0, 1). For more detail regarding
the definition of spine that we use, see [28, Definition 7.1].
Definition 6.5. Suppose that (M ′, τ ′) is a tangle with a c-bridge surface H. A sweepout of (M ′, τ ′)
by H is a continuous function
φ : M → I
such that φ−1(−1) is a spine for the c-trivial tangle below H, φ−1(+1) is a spine for the c-trivial
tangle above H, and for t ∈ (−1, 1), the inverse images of t are closed surfaces Ht = φ
−1(t) giving a
foliation of M ′ \φ−1(∂I) transverse to the bridge arcs and vertical arcs of τ ′. This foliation defines
a canonical projection (that is, homeomorphism) πt : Ht → H.
It follows easily from the definition of spine that a sweepout by H exists.
Definition 6.6. Suppose that S ⊂ (M ′, τ ′) and that H is a c-bridge surface for (M ′, τ ′). Suppose
that φ is a sweepout by H with the property φ|S is a Morse function. Also assume it has the
property that all but at most one critical value s ∈ (−1, 1) of φ|S has one critical point in its
preimage and if there is such an exceptional critical value s, then φ−1|S(s) contains exactly two
critical points. We say that φ is adapted to S if:
(A) either there is no exceptional critical value or if there is, for regular values t, t′ separated
by the exceptional critical value s and no other critical values, the projections of the curves
S ∩Ht and S ∩Ht′ can be isotoped to be disjoint.
The next proposition gives the fundamental connection between sweepouts and distance. Although
somewhat inconvenient, we do need to allow our Morse functions to have two critical points at the
same height. This is used when we analyze the graphic that arises by comparing two sweepouts.
See [1] or Section 4 of [5] for more detailed proofs along the same lines.
Proposition 6.7. Suppose that (M ′, τ ′) is a tangle such that ∂M ′ is c-incompressible. Suppose
H ⊂ (M ′, τ ′) is an sc-strongly irreducible c-bridge surface and that S ⊂ (M ′, τ ′) is an orientable
connected surface with essential boundary in ∂M ′. Suppose that |H ∩ τ ′| > 4 and that S is not an
unpunctured sphere. If there exists a sweepout φ by H adapted to S, then after a perturbation of φ,
one of the following occurs:
(1) There exists a regular value t such that each curve of Ht ∩ S is inessential in Ht,
(2) There exists a trivial ball tangle (B,B ∩ τ ′) ⊂ (M ′, τ ′) such that S ⊂ (B,B ∩ τ ′), or
(3) dAD(H) ≤ 2 extent(S) + 2ι, where ι = 0 if there is no exceptional critical value and ι = 1
if there is.
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Proof sketch. Let −1 = s0 < s1 < . . . < sn = 1 be the critical values of φ|S . For i ∈ {0, . . . , n− 1},
let Ii = [si, si+1] and let I˚i be its interior. Let γt = S ∩Ht and π(γt) = πt(γt) for all t ∈ (−1, 1).
We begin by analyzing the relationship between nearby regular values. It will turn out that regular
values corresponding to saddle points are the most important.
If t, t′ ∈ I˚i, then curves Ht ∩ S and Ht′ ∩ S have isotopic projections to H. For such t, t
′, the each
curve of S∩Ht bounds an annulus in S with a curve of S∩Ht′ and the image of this annulus under
φ is the closed interval between t and t′.
Suppose that t ∈ I˚i and t
′ ∈ I˚i+1 and that si is not the exceptional critical value. Let pi = φ|
−1
S (si).
The critical point pi is either a center or a saddle point. If it is a center, then π(γt′) is obtained
from π(γt) by an isotopy and either including or removing a component that is inessential on H.
If it is a saddle point, then π(γt′) is obtained from π(γt) by attaching a band with core κ and then
performing an isotopy. If the endpoints of κ lie on the same component of π(γt), then they approach
that component from the same side, as both S and H are orientable. Consider the curves of π(γt)
incident to the endpoints of κ as the “old components” and the curves of π(γt′) incident to the
cocore of the band (dual to κ) as the “new components.” Observe that since H is orientable, the
curves π(γt′) can be isotoped to be disjoint from the curves π(γt). If there are two old components,
then there is one new component and vice-versa. If there are two old components and both are
essential in H, then the new component is also essential unless those components bound either an
annulus or a once-punctured in annulus in H containing κ. If there is one old component σ and
if at least one new component of π(γt′) is inessential in H, then there is a subarc of σ such that
κ∪ σ bounds an unpunctured disc or once-punctured disc in H. In any case, in S, the components
of γt whose projections are the old components in H and the components of γt′ whose projections
are the new components in H, cobound a pair of pants in S. Each non-old curve of γt bounds an
annulus in S with a non-new curve of γt′ and vice versa.
Finally, suppose that t ∈ I˚i and t
′ ∈ I˚i+1 and that si is the exceptional critical value. Let pi and p
′
i
be the critical points having critical value si. If one or both of pi or p
′
i is a center, then the analysis
is as in the previous case. Suppose that both pi and p
′
i are saddle points. To obtain π(γt′) from
π(γt), there are now two disjoint bands κa and κb in H having endpoints on π(γt) and interiors
disjoint from π(γt). The curves π(γt′) are obtained by attaching both bands and then an isotopy.
By (A), the curves π(γt′) can be isotoped in H to be disjoint from the curves π(γt).
For each i ∈ {0, . . . , n− 1}, choose a regular value ti ∈ Ii. Label the interval Ii with ↑ (resp. ↓) if,
for t ∈ I˚i, if there is a curve of S ∩Ht which is essential in Ht which bounds an sc-disc or vertical
annulus above (resp. below) Ht. If some interval Ii has both labels ↓ and ↑ or if Ii and Ii+1 have
opposite labels, then the projections of the curves giving rise to the labels show that dAD(H) ≤ 1.
Thus no interval has both labels and no two adjacent intervals have opposite labels.
Let G± = φ
−1(±1) be the spines above and below H, determined by the sweepout φ. They are
each transverse to S. If either one is disjoint from S we have our first conclusion. Assume that
neither is. Since φ−1([0, t0]) is a small regular neighborhood of G−, each curve (and there is at
least one) of γt0 is essential in H. Let γ ⊏ γt0 . The curve γ either bounds a vertical annulus in the
c-trivial tangle below Ht with a component of ∂S or γ is a meridian of an edge of G−. In which
case, it bounds a c-disc in S that is below Ht. Thus, I0 is labelled ↓. Similarly, In−1 is labelled ↑.
It follows that there exist indices k < ℓ, such that for each k ≤ i < ℓ, the interval Ii is unlabelled,
the interval Ik−1 has label ↓ and the interval Iℓ has label ↑.
For convenience, we rechoose the sweepout φ as folllows. Out of all sweepouts of M ′ arising from
H and adapted to S and isotopic to our original φ, choose φ so that the set of critical points with
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critical values {sk, . . . , sℓ} (as above) contains as few saddles as possible. We note that an isotopy
of S can be reinterpreted as an isotopy of φ.
Claim 1: For i ∈ {k, . . . , ℓ− 1}, each curve γ of γti that is essential in Hti is also essential in S.
Proof of Claim 1: Suppose, to the contrary, that some γ ⊏ γti is essential in Hti but inessential in
S. It bounds an unpunctured or once-punctured disc in S. Out of all unpunctured discs or once-
punctured discs (not necessarily contained in S) with boundary γ, let E be one which is transverse
to Hti and minimizes the number of components of intersection between the interior of E and Hti .
Since Ii is unlabelled and γi is essential in Hti , the disc E must intersect Hti in its interior. Let
ζ be an innermost such curve. It must be inessential in Hti and so, since (M, τ
′) is prime, we can
isotope E so as to remove ζ, contradicting our choice of E. Thus, γ is essential in S. (Claim 1)
Assume that for all i ∈ {k, . . . , ℓ − 1} there exists a curve of γti that is essential in Hti , for if this
is not the case then Conclusion (1) holds. From each Hti we can then choose a curve of Hti ∩ S
essential in S such that, after eliminating adjacent repetitions, the isotopy classes of the projections
of these curves give a path α between the annulus/disc sets of H.
Let Wi = φ
−1([si, si+1]). Recall that Wi is homeomorphic to H × I and that κ ∩Wi consists of
vertical tangles. Say that a critical value si ∈ {sk, . . . , sℓ} is a useful saddle value if one of the
critical points of φ|S with height si is a saddle point involved with αi and if for every such saddle
point no new curve involved with the saddle point bounds an unpunctured disc in Hti+1 . Let N be
the number of useful saddle values.
Claim 2: dAD(H) ≤ N + 1.
Suppose that π(αi) and π(αi+1) are not isotopic in H. By construction, no curve of γti+1 has its
projection to H isotopic to π(αi). Thus, in φ|
−1
S (si+1) there is a saddle point p such that αi is
involved with p. If si+1 is not an exceptional critical value then si+1 must be a useful saddle value,
as otherwise there would be a curve of γti+1 whose projection to H is isotopic to π(αi+1). Since
there is at most one exceptional critical value, the length of α is at most N + 1 and the result
follows. (Claim 2)
Claim 3: N − 1 ≤ 2 extent(S).
Let Wi = φ
−1([ti, ti+1]) for i ∈ {k, . . . , ℓ − 1}. Consider a useful saddle value si which is not
an exceptional critical value. Let Si be the component of S ∩ Wi containing αi. It must be a
pair-of-pants. By definition of useful saddle value, no component of ∂Si bounds an unpunctured
disc in ∂Wi. Thus, if a component of ∂Si is inessential in S, it is either ∂-parallel or bounds a
once-punctured disc. Let S′ be the union of all such Si. Note that −χ(S
′) is either equal to N
or N − 1 (depending on whether or not the exceptional critical value exists and is a useful saddle
point). Let S′′ ⊏ S \ S′. It is not an unpunctured disc or sphere or once-punctured sphere, so
−χ(S′′) + |S′′ ∩ τ ′| ≥ 0. Thus, N − 1 ≤ −χ(S) + |S ∩ τ ′|. (Claim 3)
Consequently,
dAD(H) ≤ 2 extent(S) + 2ι,
where ι = 0 if there is no exceptional critical value and ι = 1 if there is. 
We now resume the proof of Theorem 6.1.
Proposition 6.8. There is an isotopy of J taking J − into H−.
Proof. By Theorem 3.1, each component of H− is c-incompressible and each component with two
or fewer punctures is essential. Since λ is positive, no component of H− is a sphere with two or
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fewer punctures. Since both H− and J− are c-incompressible and (M, τ) is prime, we may isotope
J so that all curves of J −∩H− are essential in both surfaces. Subject to that requirement, perform
the isotopy so as to minimize |J −∩H−|. Thus, no component of J− ∩ (M \H−) with boundary is
τ -parallel to subsurface of H−. Let F ⊏ J− \H− and let (M ′, τ ′) ⊏ (M, τ)\H− be the component
containing F . Let F ′ ⊏ J− be the component containing F . Since each component of J− ∩ H−
is essential in both surfaces, extent(F ) ≤ extent(F ′). Let H = H+ ∩M ′. Since (T, λ) is slim and
(M, τ) is prime and irreducible, dc(H) = dsc(H) ≥ 2; in particular H is sc-strongly irreducible.
Let φ be a sweepout of (M ′, τ ′) corresponding to H. We may perturb φ so that φ|S is a Morse
function with all critical points at distinct heights. (In particular, there is no exceptional critical
value.) Hence, φ is adapted to F . Let t be a regular value. If γ ⊏ Ht ∩ F is inessential in Ht, then
it must also be inessential in F as F is c-incompressible. Consequently, if there exists a regular
value t such that each curve of Ht ∩ F is inessential in Ht, then F can be isotoped, relative to its
boundary, to be disjoint from H. Since it is then a c-incompressible surface in a c-trivial tangle, it
must be τ -parallel to a component of ∂M ∪H−. In such a case, the surface F must be closed and
so F is isotopic to a component of H−. Henceforth, assume there does not exist a regular value t
such that each curve of Ht ∩ F is inessential in Ht.
Since F is c-incompressible and not an inessential sphere with two or fewer punctures, F is not
contained in a trivial ball tangle in (M ′, τ ′). Thus, by Proposition 6.7 dAD(H) ≤ 2 extent(S). By
Lemma 5.7, dc(H) ≤ dAD(H) + 2 ≤ 2 extent(F ) + 2. Let J ⊏ H
+ cobound a c-trivial tangle with
F ′. Then
dc(H) ≤ 2 extent(F ) + 2 ≤ 2 extent(J) + 2 ≤ 2 trunk(J ) + 2.
By Lemma 2.12, we have trunk(J ) ≤ netextent(J ) and also trunk(J ) ≤
√
w(J )/2. Thus, if
netextent(J ) = netextent(M, τ), we have
dc(H) ≤ 2 netextent(H) + 2,
which contradicts our hypotheses. If, on the other hand, w(J ) = w−2(M, τ), then
dc(H) ≤ 2
√
w(H)/2 + 2 ≤ 2 netextent(H) + 2,
another contradiction.
Thus, each component of J − must be isotopic to a component of H− ∪ ∂M . Since no two compo-
nents of J are τ -parallel and no component is ∂-parallel, J can be isotoped so that J− ⊂ H−. 
Henceforth, we assume that J has been isotoped so that J − ⊂ H− and we do not further isotope
J−. We now turn to thick surfaces, where the analysis is harder. We use the “graphic” technology
of spanning and splitting due to Johnson [16]. The analysis here is a combination of [18] and [5].
See those papers for more details. By Lemma 3.10, no two components of J are τ -parallel.
Lemma 6.9. Suppose that S ⊏ J + and that F ⊏ H− \J −. If S and F lie in the same component
of M \ J−, then S cannot be isotoped to be disjoint from F .
Proof. Under these circumstances, if F and S could be isotoped within M ′ to be disjoint, then F
could be isotoped to lie in one of the c-trivial tangles on either side of S, but this would contradict
the fact that F is c-incompressible and not parallel to a component of J −. 
Lemma 6.10. We have H− = J −. Also, if S ⊏ J + and H ⊏ H+ are in the same component of
(M, τ) \ H−, then either S is τ -parallel to H in that component or extent(S) > extent(H).
Proof. Let S ⊏ J+. Let (W, τW ) ⊏ (M, τ) \ J
− contain S and suppose H ⊂ W . Let (U, τU ) ⊏
(W, τW ) \ H
− contain H. Let φH be a sweepout of U by H. Let φS be a sweepout of W by
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S. Let ∆ : U → U ×W be the diagonal map induced by inclusion. Consider the product map
φ = (φH ×φS)◦∆: U ×W → I× I. A small perturbation of φ ensures that it is a stable map. The
set Λ ⊂ I × I of critical values is a closed set (called the graphic), which is an immersed collection
of curves containing vertices of degree two and four. For a value (t, s) in the interior of I × I, the
preimage φ−1(t, s) is the intersection of the c-bridge surface Ht of U with the c-bridge surface Ss
of W . Let Γ± = φ
−1(±1). Recall that it is the union of components of J − ∩ ∂W with a graph.
Since J − ⊂ H−, for all t, Ht ∪ ∂W intersects only the graph portion of Γ±.
For (t, s) a regular value in the interior of the graphic. SayHt ismostly above Ss if the intersection of
Ht∪∂W with the c-trivial tangle below Ss is contained in the union of pairwise disjoint unpunctured
and once-punctured discs in Ht ∪ ∂W . Define Ht to be mostly below Ss in a similar fashion. Let
Qa (resp. Qb) be the set of points of the graphic such that Ht is mostly above (resp. mostly below)
Ss. Note that if (t, s) and (t
′, s′) are in the same component of I × I \Λ, then (t, s) is in Qa (resp.
Qb) if and only if (t
′, s′) is also.
Fix some t in the interior of I. When s is very close to −1, Ht ∪ ∂W intersects the spine of
Γ− in discs that are meridian discs for some of the edges of Γ−. On Ht, these discs are regular
neighborhoods of the points of intersection between the edges of Γ− and Ht. Thus, for values of s
very close to −1, (t, s) ∈ Qa. Similarly, for values of s very close to +1, (t, s) ∈ Qb. Thus, there
exists a s0 ∈ (−1, 1) such that one of the following holds:
• (Splitting) For each (t, s0), (t, s0) is neither in Qa nor in Qb. Furthermore, if y = s0 passes
through a vertex of the graphic then the interior of the region above the vertex lies in Qb
and the interior of the region lying below the vertex lies in Qa.
• (Spanning) There exists t− < t+ ∈ I such that (t−, s0) ∈ Qa and (t+, s0) ∈ Qb or vice versa.
Assume we are in the Splitting case. Let ψ : U → I be the sweepout φ(·, s0) corresponding to H.
We claim that it is adapted to S′ = Ss0 ∩U . Since φ is stable, the function ψ
′ = ψ|S′ is Morse. The
line y = s0 passes through at most one vertex of the graphic. Observe that ψ
′ has an exceptional
critical value if and only if it passes through a valence 4 vertex of the graphic. Using the fact that
H is a sphere with more than four punctures, an argument nearly verbatim to that of [5, Lemma 8]
(which is itself modelled on [20, Lemma 5.6]) shows that Condition (A) is satisfied. By Proposition
6.7 and Lemma 5.7,
dc(H) ≤ dAD(H) + 2 ≤ 2 extent(S) + 4,
contradicting our hypotheses, as in the proof of Proposition 6.8.
Now assume that we are in the Spanning Case. We follow the argument of [18, Theorem 3.1].
Color the c-trivial tangle below Ss0 blue and the c-trivial tangle above Ss0 red. Since (t−, s0) ∈ Qa,
the surface Ht− is mostly above Ss0 , each curve of (Ht− ∪ ∂W ) ∩ Ss0 is inessential in (Ht− ∪ ∂W ).
An innermost such component ℓ bounds a zero or once-punctured disc in Ht− ∪ ∂W that is blue.
Similarly, each curve of (Ht+ ∪ ∂W ) ∩ Ss0 is inessential in (Ht− ∪ ∂W ) and an innermost such
component bounds a red zero or once-punctured disc in Ht−∪∂W . Since a disc cannot be both blue
and red, the surface Ss0 is disjoint from ∂W . By Claim 1, this implies that U =W . The argument
verbatim from [18, Theorem 3.1], shows that there is a sequence of c-compressions and isotopies of
S which produces a surface with a component isotopic to H. In particular, extent(S) ≥ extent(H)
with equality if and only if S and H are τ -parallel in U =W .
Applying this argument to each S ⊏ J + proves the claim. 
Let (T ′, λ′) be the width tree associated to J and (T, λ) the tree associated to (M, τ). By Lemma
6.10, H− = J−. Thus, the unoriented trees underlying T and T ′ are isomorphic. Again, by
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Lemma 6.10, for each vertex v of T (equivalently, of T ′), we have λ′(v) ≥ λ(v). If equality holds,
then the corresponding thick surfaces are τ -parallel. Thus, netextent(J ) ≥ netextent(H) and
w(J ) ≥ w(H) and if equality holds for either, then J and H are τ -parallel. By hypothesis, J
realizes netextent−2(M, τ) or w−2(M, τ). Consequently, J is τ -parallel to H. Therefore, as an
undirected graph T ′ is isomorphic to T by an isomorphism φ that preserves labels. We desire to
show that the orientations of T and T ′ are the same or reversed.
The set of thick surfaces of J bounding a component of S3 \J disjoint from J− correspond exactly
to the source and sinks of T ′. Similarly, with the thick surfaces of H and the sources and sinks of
T . Thus, the isotopy of J to H takes the sources and sinks of T ′ to the sources and sinks of T .
Suppose that e′0 and e
′
1 are edges incident to a vertex v
′ of T ′. Let ei = φ(e
′
i) and v = φ(v
′) for
i = 1, 2. Let F ′i ⊏ J
− and J ⊏ J+ correspond to e′i and v
′ for i = 0, 1. Let Fi ⊏ H
+ and H ⊏ H
correspond to ei and v. The isotopy takes F
′
i to Fi and J to H. One of e
′
0 and e
′
1 is incoming to
v′ and the other outgoing if and only if F ′0 and F
′
1 are on opposite sides of J . Likewise, one of e0
and e1 is incoming to v and the other outgoing if and only if F0 and F1 are on opposite sides of H.
The isotopy of J to H preserves the separation properties of its surfaces. Thus, one of e′0 and e
′
1 is
incoming to v′ and the other outgoing if and only if one of e0 and e1 is incoming to v and the other
outgoing. It follows that φ either preserves all edge orientations or reverses all edge orientations.
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